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Abstract 



The rational and C2-cofinite simple vertex operator algebras whose effective cen- 
tral charges and the central charges c are equal and less than 1 are classified. Such 
a vertex operator algebra is zero if c < and C if c = 0. If c > 0, it is an extension of 
discrete Virasoro vertex operator algebra L(cp^q,0) by its irreducible modules. It is 
also proved that for any rational and C2-cofinite simple vertex operator algebra with 
c = c, the vertex operator subalgebra generated by the Virasoro vector is simple. 

1 Introduction 

One of the most important problems in the theory of vertex operator algebra is to classify 
the rational vertex operator algebras. It is not realistic to achieve this goal at this stage 
due to the limited knowledge of the structure theory and representation theory. If a 
vertex operator algebra is rational then the central charge c and effective central charge 
c are rational (cf. [AM], [DLM2]). While the central charge can be negative, the effective 
central charge is always nonnegative [DM2]. In this paper we classify the rational vertex 
operator algebras with c = c < 1 although we cannot write down the results explicitly. 

It is well known that one can construct vertex operator algebras associated to highest 
weight modules for the Virasoro algebra [FZ]. In particular, each irreducible highest 
weight module L(c, 0) for any complex number c is a simple vertex operator algebra. 
Moreover, L(c, 0) is rational if and only if c = Cp^q = 1 — 6{p — qY /pq for coprime positive 
integers p, g with 1 < p, g [W]. Furthermore, L(c, 0) is unitary if and only if c = Cp_p+i 
for all p > 1 or c > 1 (see [FQS] and [GKO]). Our classification result says that any 
simple, rational and C2-cofinite vertex operator algebra with c = c < 1 is an extension of 
the Virasoro vertex operator algebra L{cp^q, 0) for some p, q. That is, such vertex operator 
algebra is a finite direct sum of irreducible L{cp^q, 0)-modules. 

The main ideal is to use the modular invariance of the g-characters of the modules (see 
[Z] and [DLM2]) to control the growth of the graded dimensions of the vertex operator 
algebra. The same idea has been used to classify the holomorphic vertex operator algebras 
with small central charges [DM1], to prove the nonnegative property of the effective central 
charges [DM2], and to obtain some uniqueness result on the moonshine vertex operator 
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algebra [DGL]. The modular invariance property of the g-characters of the modules 
is also the reason why we use the effective central charges instead of central charges 
(see Lemma 2.1 below). We should point out that we do not assume that the vertex 
operator algebra is a unitary representation for the Virasoro algebra and that J2i |Xi(?)P 
is a modular function over the full modular group where Xiil) are the g-characters of the 
irreducible modules of the vertex operator algebra (see Section 2). 

As a corollary of the main result we prove that for any simple, rational and C2- 
cofinitc vertex operator algebra with c = c, the vertex operator subalgebra generated by 
the Virasoro vector is simple. That is, the vertex operator subalgebra is an irreducible 
highest weight module for the Virasoro algebra. 

It is worthy to mention that we do not have a explicit list of such vertex operator 
algebras. An eventual classification requires to construct all extensions of L{cp^g, 0) for all 
p,q. In the case that c = Cp,p+i, the extensions of L{cp^p^i,0) have been classified in the 
theory of conformal nets (an analytical approach to conformal field theory) [KL] (also see 
[X]). Although it is beheved that such classification result is valid in the theory of vertex 
operator algebra, most of such extensions have not been constructed in the context of 
vertex operator algebra except for a few examples from the code vertex operator algebras 
and lattice vertex operator algebras. 



2 Rational vertex operator algebras 

In this section, we review some basic facts on the g-characters of modules for a rational 
vertex operator algebra. The main feature of these functions is the modular invariance 
property [Z], and its connection with the vector- valued modular forms [KM]. This con- 
nection is the key for us to estimate the growth of the graded dimensions of the vertex 
operator algebra and its modules. We will also discuss the effective central charge c. 
We assume that vertex operator algebra V is simple and is of CFT type. That is, 

00 

V^^Vn (2.1) 

n=0 

moreover Vq is spanned by the vacuum vector 1. Following [DLMl], V is called rational if 
the admissible module category is semisimple. V is called C2-cofinite if V/C2{V) is finite 
dimensional [Z] where C2{V) = {u_2v\u,v e V). 

A rational vertex operator algebra V has only finitely many irreducible modules V — 
M^, M^, ...M^ up to isomorphism such that 

where Aj is a rational number and M{. 7^ (see [DLMl], [DLM2]). Moreover each 
homogeneous subspace M^._|_„ is finite dimensional. Let Xmin be the minumum among the 
Xi. The effective central charge c which appeared in the physics literature [GN] is defined 
by c = c — 2AXfnin- One of the main results in [DM2] is that c is nonnegative, and c — 
if and only if y = C is trivial. 
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For each i we define the g-character of as 

Xi{q) = ch,M^ = trM.g^(°)-^/2^ = ^(dimM^+.Jg'^-^/^^ 

n>0 

It is proved in [Z] (also see [DLM2]) that if V is rational and C2-cofinite then each Xi{Q) 
is a holomorphic function on the upper half plane H where q — e^'^*'^ and the span of these 
functions affords a representation of the modular group SL(2, Z). For short we also write 
Xi(T) for Xi{q)- Then there exists a group homomorphism p from SL{2,Z) to GL(r, C) 
such that for any 7 G SL{2,Z), 

j 

where ^(7) = (7jj). This exactly says that x(t) — {xi{t), " " " ,Xr{T)) is a ( meromorphic) 
vector- valued modular function [KM]. 
Recall the Dedekind eta function 

77(r)=gV24^(g) = gV24-Q(i_^n) 

n=l 

and the expansion 

— r. — r = y^pw?" 

where ]?(n) is the usual unrestricted partition function. An asymptotic expression for p(n) 
is given by 



p{n) 



as n — > 00 (cf. [A]). It is clear that p{n) grows faster than for any fixed real number 
a. 

The ?7(r) is a modular form of weight 1/2. Since rj^TYxii^) is holomorphic at r = ioo, 

Virfxir) = (?7(t)'xi(t), • • • , ?7(T)'Xr(T)) 

is a holomorphic vector- valued modular form of weight c/2. From [KM] the Fourier coeffi- 
cients an of a component of a holomorphic vector-valued modular form satisfy the growth 
condition a„ = 0(n") for a constant a independent of n. As a result, we see that 

Lemma 2.1 The Fourier coefficients of each component of r]{TYx(^) satisfy a polynomial 
growth condition an — 0{rf). 



3 Vertex operator algebras with c < 1 

In this section we will prove the main result. We assume that is a rational and C2- 
cofinite vertex operator algebra with c — c < 1. It is proved in [DM2] that c is always 
nonnegative. If c = then V — C So we assume that c > 0. 
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We first need information on the vertex operator algebras associated to the highest 
weight modules for the Virasoro algebra (see [FF], [FZ], [W]). We use the standard basis 
{Ln, C\n G Z} for the Virasoro algebra. For any two complex numbers c, h we denote the 
Verma module with central charge c and highest weight h by V{c, h), as usual. Let V{c, 0) 
be the quotient of V{c, 0) modulo submodule generated by L^iv where v a nonzero highest 
weight vector of V{c, 0) with highest weight 0. We use L(c, h) to denote the irreducible 
quotient of V{c, h). 

We have already defined the g-character ch^M if M is a module for any vertex operator 
algebra. We now extend this definition to any module for the Virasoro algebra with finite 
dimensional homogeneous subspaces and central charge c. In general the g-character is 
just a formal power series in q. Note that ch.qV{c, 0) — y, ^ "iT and its coefficients grow 
faster than for any fixed real number a. 

Lemma 3.1 For any /i > the coefficients of — (i-qny gfow faster than any polyno- 
mial n". 

Proof: Observe that the coefficients {^f^{—iy of in the expansion of (1 — q)^'^ is 
always positive for any > 0. Assume that the coefficients of 

I] On?" 



nn>i(i - <ty 



n>0 



satisfy the polynomial growth condition. Then the coefficients of — (-|_gn)fc/^ satisfy the 
polynomial growth condition for any positive integer k. But if k is large enough then 

kji > \ and the coefficients of (i_gn)/c/^ grow faster than for any real number a. 

This is a contradiction. □ 

Here are some basic facts about these modules. [FF], [FQS],[GKO], [FZ], [W]. 

Proposition 3.2 Let c he a complex number. Then the following hold: 

(i) t^(c, 0) is a vertex operator algebra and i^(c, 0) is a simple vertex operator algebra, 
(a) The following are equivalent: (a) V{c, 0) = L(c, 0), (h) c ^ Cp^q — 1 — 6(p — q)^/pq 
for all coprime positive integers p,q with 1 < p < q, (c) L{c,0) is not rational. In this 
case, the q-graded character of L(c, 0) is equal to tt ^ "/^t! n) ^'^^ '^^s coefficients grow faster 

than any polynomial in n. 

(Hi) The following are equivalent: (a) V{c, 0) ^ L{c, 0), (b) c — Cp^q for some p,q, (c) 
L{c, 0) is rational. 

We now back to vertex operator algebra V. Let U = {cu) be the vertex operator 
subalgebra of V. Then there are two possibilities: either U is isomorphic to V{c, 0) or 
L(c, 0) from the structure theory for these modules [FF]. 

The following is the key lemma. 
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Lemma 3.3 Assume that c < 1. Then the q character chqll of U is different from 

n„>ia-'?")' 

— c/24 

Proof: We prove by contradiction. Suppose that chgU is equal to j-j ^ • Then 

(1 - qY 

'^^^ ' nn>i(i-g")^-^ 

By Lemma 3. 1 the coefficients of yi ci- »u-e g^o'w faster than any polynomial in n. Set 

rj{qrchqV = Y.br,q''. 

n>0 

By Lemma 2.1, the coefficients 6„ satisfy polynomial growth condition. 
Let f{q) = (1 - g)-i77(g)^ch,T/ = En>oC„?" Then 

n 
i=0 

for all n > 0. Since 6„ satisfy polynomial growth condition, there exist positive constants 
C and a such that |6„| < Cn" for all n. As a result, \cn\ < C{n + < 2Cn"+^ for 
n> 0. That is, the coefficients also satisfy the polynomial growth condition. 

Since f/ is a subspacc of V we sec that dimC/„ < dimV^ for all n. This implies 
that chgU < chqV and ri{qYch.gU < ri{qYchgV as real numbers for any q G (0,1). 
Thus Y\ — n\i-c ^ fil) for ? ^ (0)1)- this is impossible as the coefficients 
of TT — n- n\i-c grow faster than any polynomial in n. The proof is complete. □ 

Corollary 3.4 Le^ V be a simple, rational and C2-cofinite vertex operator algebra with 
central charge c — c < 1. Then the vertex operator algebra U generated by the Virasoro 
element cu is simple and c — Cp^g for some coprime p, q such that 1 < p < q. 

Proof: If c 7^ Cp^g then V{c, 0) is irreducible module for the Virasoro algebra by Propo- 
sition 3.2. This imphes that U is isomorphic to V{c, 0) and 

-c/24 

chgU = chgV{c, 0) ^ 



nn>i(i - 



which contradicts to Lemma 3.3. 

So we can assume that c = Cp^g for coprime p, q such that 1 < p < q. In this case U is 
either isomorphic to V{cp^q, 0) or L{cp^q, 0) as a module for the Virasoro algebra. Again 
by Lemma 3.3, U is not isomorphic to V{cp^q, 0) by grading restriction. This forces U to 
be isomorphic to L{cp^g, 0), as desired. □ 

A vertex operator algebra is called an extension of another vertex operator algebra 
if V'^ is isomorphic to a vertex operator subalgebra of with the same Virasoro 
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vector. In particular, is a F^-module. Note that if V'^ is rational then V'^ has only 
finitely many irreducible modules up to isomorphism and is necessarily a finite direct 
sum of irreducible l^^-module due to finiteness of the homogeneous subspaces of vertex 
operator algebras. 

We are now in a position to present the main result of this paper. 

Theorem 3.5 Let V be a simple, rational and C2-cofinite vertex operator algebra with 
central charge c = c < 1. Then V is an extension of L{cp^q,0) by its simple modules for 
some coprime p, q such that 1 < p < q. 

Proof: By Proposition 3.2, the vertex operator subalgebra U of V is rational. So as 
module for U V is a. direct sum of finitely many irreducible ^/-modules. □ 

So this theorem reduces the classification of simple, rational and C2-cofinitc vertex 
operator algebras with central charge c = c < 1 to the problem of classification of exten- 
sions of vertex operator algebras L{cp^g, 0). It will certainly be a difficult and complicated 
task to construct the extensions of L{cp^q, 0) for all p, q. One definitely needs both coset 
construction and orbifold theory to achieve this. We will not go to this direction in this 
paper. See [LLY] for some extensions of L(cp,p+i,0) by a simple module. 

We remark that the condition that c = c in Theorem 3.5 is necessary. Here is a 
counter example in which is a simple, rational and C2-cofinite vertex operator algebra 
with c < 1, but V is not an extension of L{cp^q, 0) for any coprime integers 1 < p < q. 
Recall that L{c2,5, 0) is a simple, rational and C2 cofinite vertex operator algebra with 
central charge —22/5 and effective central charge 2/5. Let W be any simple, rational and 
C2-cofinite vertex operator algebra whose central charge and effective central charge are 
5. For example, one can take to be a lattice vertex operator algebra Vl for a rank 
5 positive definite even lattice L. Set V — L{c2,5, 0) W. Then y is a simple, rational 
and C2-cofinite vertex operator algebra with central charge c — 3/5. Since any irreducible 
y-module is a tensor product of an irreducible L{c2^5, 0)-module with an irreducible W- 
module (cf. [FHL], [DMZ]), we see that the effective central charge of y is c = 27/5. 
Then 3/5 is different from Cp^q for all coprime integers p, q such that 1 < p < q. In order to 
see this let Cp^q = 3/5. Then 15(p — q^ = pq. Clearly, q — p ^ 1. Let d be a prime divisor 
of q — p. Then d is a also a divisor of p or g. As a result d is a common divisor of p and 
q. This is a contradiction. This shows that V is not an extension of L{cp^q, 0) by finitely 
many irreducible modules for any such p, q. 

Recall from [DM2] that for vertex operator algebra L(cp^g,0), the effective central 
charge c = 1 — ^. Soc = Cp^q = 1 — = c if and only if g — p = 1, or if and only 

if L{cp^q, 0) is unitary. So our theorem eliminate the nonunitary rational Virasoro vertex 
operator algebras L{cp^q, 0) for g 7^ p + 1 in our consideration. But one can still ask if any 
extension of L{cp^q, 0) for q ^ p + 1 satisfies the assumptions in Theorem 3.5. Note that 
that all the irreducible modules of L{cp^q, 0) are L{cp^q, hr,s) where 

_(sp- rqf - (p - qf 
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for integers r, s in the ranges 1 < r < p — 1 and l<s<g' — 1. So each extension 

V of L{cp^q, 0) is a finite direct sum of irreducible L{cp^q, 0)-module and any irreducible 
y-module is also a finite direct sum of L{cp^q, /ir,s)'s. We suspect that the effective central 
charge c = c for V if and only if c = Cp^p+i- But we do not have a proof for this. 

We now turn our attention to an arbitrary simple vertex operator algebra V. We still 
denote by U the vertex operator subalgebra generated by the Virasoro vector lo. It has 
been a problem in the theory of vertex operator algebra whether [/ is a simple vertex 
operator algebra of U. Here is a solution. 

Theorem 3.6 If V is a simple, rational and C2-cofinite vertex operator algebra. Then 
the Virasoro vertex operator algebra U is simple if either c> 1 or c — c < 1. 

Proof: If c 7^ Cp^g for allp, q, V{c, 0) is simple (see Proposition 3.2 and must be isomorphic 
to U. li c — Cp^q, U is isomorphic to L{cp^q, 0) by Corollary 3.4. □ 

We again remark that if c 7^ c, Theorem 3.6 is not valid. In this case we consider 

V = I/(c2,5, 0)®^ ® W where W is any simple, rational and C2-cofinite vertex operator 
algebra such that both the central charge and the effective central charge are 22. Then 
y is a simple, rational and C2-cofinite vertex operator algebra with central charge and 
effective central charge 2. Let 00^ and cj^ be the Virasoro vectors of L(c2,5, 0)®^ and W, 
repectively. Then the Virasoro vector of V is = cj^ (g) 1 + 1 (g) cj^. Clearly, uj ^ 0. This 
implies that the vertex operator subalgebra U genereated by uj is not equal to C = L(0, 0). 
So U is not simple. 
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